Introduction
Let R be a commutative ring and let A be a finitely generated free Frobenius algebra over R. In [4] , Nakayama constructed a complete (Hochschild) cohomology theory of A by means of his automorphism.
The purpose of the paper is to investigate some structures of the complete cohomology groups H'(A, -) (r E Z) of A, in particular a periodicity with respect to r; A is said to have periodic cohomology of period d # 0 if H"(A, M) 2: Hn+d(A, M) holds for all two-sided A-modules M and all integers n.
One of the most important parts of the cohomology theory of finite groups may be the periodicity of the cohomology.
In such a case a fundamental approach is one with a cup product on the Tate cohomology (cf. [2, 3, 5] ). Now [3, Chapter XI, Exercises 1 and 21 gives a prototype, one of the 'products of the second kind', of the cup product which seems to be appropriate to the complete (Hochschild) cohomology in dealing with its periodicity. Modifying this, in parallel with the cohomology theory of finite groups, we proceed to a general theory which is needed here and we will prove a basic theorem for the periodicity of the cohomology.
In Section 1 we explain the complete cohomology theory of Frobenius algebras and dimension-shifting of the cohomology in a bit more detail after Nakayama [4] . In Section 2 we introduce the definition of the cup product on the complete cohomology and construct it explicitly. In the latter half we prove two basic properties: anti-commutativity and associativity. In Section 3, along the same lines as Cartan and Eilenberg We shall write ,R, 2 and L for 0(A), Z(A) and Lo respectively when there is no danger of confusion.
As long as the base ring R is fixed we shall frequently write A @ B for A mR B for R-modules A, B. A left R-module M may be regarded as a two-sided A-module by setting xmy = (x@ y")m for x,y E A, m E M.
The complete cohomology of Frohenius algebras

Frobenius algebras and their complete cohomology
Let R be a commutative ring and let A be a finitely generated free Frobenius R-algebra of free rank n. That is, there exists a left A-isomorphism &,AsA*= Hom,(A,i, R) and A has two R-bases (ui), (uj) (14 i 5 n, 15 j 5 n) with I = a,, (aij denotes Kronecker's delta). This is equivalent to the assertion that A has two R-bases (u;), (vi) (15 i 4 n, 15 j 5 n) satisfying
for every x E A and for some CV~,(X) E R. In such a case, we call (ui), (vi) R-dual bases of A. Put j.~ = 4(l) E A*. Then we have +(x)(y) = j.~(yx) since 4 is a left A-homomorphism, so we have p(ujui) = 8,.
It easily follows that x = Cl Il(xu,)ui = C, ujP("jx> f or x E A, so that a;,(x) = ~(ujxu,). Now we set xa = c j_&(UiX)Ui , xv = c Uj/.L(XUj) 1 i
for each x E A. Since we have (xy)" = xaya from I = p( y*x), it is easily verified that A is a ring automorphism of A with ' as its inverse and that zA = z for all ZEZ=Z(A).
A is often called the Nakayama automorphism.
If we set p,,(x) = p(uju,x) for each x E A, then we have
X%, = c pj;(x)u, We make the R-dual module X:_l = Hom,(X,-, , R) (q 2 1) into a left Omodule, which will be denoted by X-,, by defining
for x@y"EO, fEXG_,, wEX,_,.
Then we obtain an augmented left Rcomplete resolution of A: (1.6)
(r E Z) becomes a right O-module by setting for any x C3 y" E R, w E X,, which will be denoted by Xf . Then we make Xp @'n M into a two- 
under the notation of (1.7). The last term in (1.8) may be the definition of the (-r -1)th modified homology group H?,_, (A, M) with respect to the Nakayama automorphism A. This cohomology (or homology) group is a two-sided Z-module, and is a covariant functor of M. We will give the explicit forms of the 0th and (-l)th cohomology groups. Identifying Hom,,(X,,, M) with M and also Xt an M with M, we see
Hereafter N,,(m) denotes cy=, u,mu,. Therefore, we have
where we set For any integer r, we have isomorphisms of two-sided Z-modules: 
W(A,A)@,ZT(A,B)+ H'+"(A,A@,B).
(PII,) Let 
Proof of Theorem 2.1
First we will show the existence of a cup product. Let be a left R-homomorphism defined as follows: 
s.i
On the other hand
This second term equals These show that (2.5) coincides with (2.6). 0
We will construct a cup product by means of A,,, satisfying (2.
4). First we put t U t' = (t @'n t')A,,, E Homn(X,+,Y, A @9,, B) (2.7)
for t E Hom,(;rS,, A) and t' E Hom,(X,, B). Then it is easy to see that 
=(f~~g)&(['I)=f(l)~ng(l)=t([.I)~',t'([.I).
This shows that (2.2) commutes. We conclude the proof of the existence of a cup product. Next we will show the uniqueness of the cup product. Suppose that U and U' are cup products, that is, both satisfy the properties (PI)-(PIII).
(
i) U,U' : H"(A, A)@',H'(A, B)+ H'(A, AmA B)
coincide for all left amodules A and B by (PM).
(ii) Suppose that given (r, s),
U = U' : H'(A, A)@, H"(A, B)+ ,'+'(A,
A @,, B) (2.8) holds for all left fin-modules A and B. First, by (1.13), we have exact sequences:
O+ A+Hom,(A,
A)+ C(A)-+0
(right A-splitting),
O+A@,,B-Hom,(A,A@,,B)+C(A)@,,B+O. (2.9)
Let (Y E W+'(A, A) and p E H"(A, B). Since LY = a((~') for some (Y' E H'(A, C(A)),
it follows from (PII,) 
O-K(A)@,, B+=A@(A@,, B)+A@,, B+O. (2.10)
Let (Y E H'-'(A, A) and p E H"(A, B)
. Then it follows from (PII,) that a(a U p> = a(a) u p = a(a) U' p = a(LY U' p>, so that aU/3=aU'/3 since ~9 is an isomorphism. Thus (2.8) holds for (r -1, s). On the other hand, the proof of (2.8) for (Y, sk 1) goes the same way using (1.12), (1.14) and (PII,). By induction this completes the proof of the uniqueness of the cup product. 0 2.3. Anti-commutativity and associativity
Proposition 2.3 (Anti-commutativity). Let A be any left n-module and let CK E H'(A, A), p E H"(A, A) for any integers r, s. Then
a u p = (-l)'"@ u (Y ,(2.
11)
Proof. (i) We will prove (2.11) in case of s = 0. We may write (Y = t + Im(d#) for t E Hom,(X,., A) with d:+,(t) = 0 and also p = t' + Im(d#) for t' E Hom,(X,, A)
with d: (t') = 0. Note that t'([ .I) E A". When r = p 1> 0, it is easy to see that t U t' = t' U t. When r = -p (p 2 l), we have, using (1.5),
(t U t')((i,[i,, . . . , i,-l]i,)*)
Hence we have (Y U /3 = p U (Y in case of s = 0.
(ii) Suppose that given (r, s), (2.11) holds. First we use (1.13) for A instead of M. Let (Y E H'(A, A) and p E Hscl(A, A). Since p = a(@') for some p' E H"(A, C(A)), it follows from (PII) that
so that (2.11) holds for (r, s + 1). Next we use (1.11) for A instead of M. Let (ii) Suppose that given (r, s, t), (2.12) holds for every left R-modules A, B, C.
First we will prove (2.12) for (r k 1, s, t). Using (1.13) we obtain a left o-exact And using (1.11) we obtain a left a-exact sequence in addition to (2.10):
O+K(A)@,, B@,, C+A@(AG3A B@3,, C)*A@,, B@, C-6.
Then we arrive at the result on the same line as in Section 2.2 (the proof of uniqueness). Next the proof of (2.12) for (r, s, t k 1) may be done similarly using (1.12) and (1.14). By induction this completes the proof of the proposition. H'(A, A) .
An expression of the cup product via homology
The product defined in (2.7) may be expressed on Hom,(X,, - 
This shows (3.3) to be commutative. 0
In the rest of the section, R denotes a Noetherian integrally closed domain and K the quotient field of R. Let A be a finite-dimensional separable K-algebra and let A be an R-order in A which is a free Frobenius R-algebra. (1, v'?E), (GE, 1). Therefore we have
